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Buckling of Short Cylindrical Shells under Axial Compression
D. DURBAN* AND A. LIB Ait

Technion, Israel Institute of Technology, Haifa, Israel

Approximate closed form solutions for the buckling of short circular cylindrical shells under uniform and
nonuniform axial compression are obtained. The analysis is based on Donnell's equations using a Galerkin
procedure to obtain bounds on the true eigenvalues. The boundary conditions considered are the four possibilities
of simple support. Good agreement is shown with previous numerical results. The Koiter mode of instability is
reconsidered through the examination of a simple model. The question as to its practical significance is raised.
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Nomenclature
const
modulus of elasticity
[3(l-v2)Y/2R/h
shell length
stress resultants
prebuckling axial stress resultant
shell radius
defined in Eq. (6)
shell thickness
integer, number of longitudinal half waves
integers, number of circumferential waves
integer, index
Fourier coefficients, see Eq. (24)
n2/2K2

displacements, see Fig. 1
nondimensional displacements, u = u*/R, v — v*/R,

w = w*/R
defined in Eqs. (3a-3c)
coordinates, see Fig. 1
nondimensional coordinates jc = x*/R
7iR/L
Kronecker delta with d00 = 2
P*/P
Poisson's ratio
true eigenvalue for uniform compression
defined in Eq. (5)
true eigenvalue for nonuniform axial compression
defined in Eqs. (30a) and (30b)
approximate eigenvalue Eq. (27)
stress distribution matrix, see Eq. (29)

= defined in Eqs. (lla, lib, 15a, and 15b)

Introduction

THE buckling problem of the circular cylindrical shell under
uniform axial compression with various boundary condi-

tions has been investigated in a number of papers.1"4 In most
studies with the few exceptions mentioned in Ref. 5, the solution
is numerical. This is due to the fact that the buckling loads
(eigenvalues) are usually obtained as the roots of a complicated
transcendental equation.

The more realistic case of buckling under nonuniform axial
compression has been considered by some authors for the
classical (SS3) simply supported boundary condition,6"8 and
only recently9 for the other possibilities of the simple support.
The eigenvalues in this case are obtained by an iterative
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numerical solution for the characteristic roots of an infinite
symmetric matrix.

The present work investigates analytically the buckling
problem of short shells (defined here by /I < 3) under uniform
and nonuniform axial compression with the four possibilities of
the simply supported boundary conditions. Shells for which
A < 3 are frequently met in applications, for example, the
"local" buckling of a cylindrical field between two stiffening
rings. Although some numerical data3'10"12 are available (for
the case of uniform compression only), there is a need for
further investigation of the problem, with emphasis on two
points: a) how does the buckling behavior of a simply sup-
ported short shell approach that of a simply supported plate;
and b) how is the critical stress, for short shells, influenced by
nonuniform distribution of the axial load? These questions are
investigated here, both quantitatively and qualitatively.

The first part of the paper deals with the uniform compres-
sion case. An approximate solution of Donnell's equations is
obtained through the use of the Galerkin method. The analysis,
although approximate and asymptotic in nature, is shown to be
sufficiently accurate and yields close form formulas for the
buckling load in the range 1 < 3.

The case of nonuniform axial compression is considered in the
second part of the paper. The solution for the displacements is
represented as an infinite series in the approximate solutions for
the case of uniform compression obtained before. Again the
Galerkin method is applied and it is shown that for the limiting
case (h/R) —> 0 the critical stress for any load distribution is
closely bounded.

Part I. Uniform Compression
Formulation of the Problem and Method of Solution

The solution is based on Donnell's equation,13 whose non-
dimensional form for uniform axial compression is

1-v 1+v
= 0

1 + v

V4w+12^
h

(la)

(Ib)

Here u, v, w are the nondimensional displacements and p is the
ratio (eigenvalue) between the buckling stress and the classical
buckling stress (£/[3(l - v2)]1/2} (h/R).

The four possibilities of the simply supported boundary
conditions are known to be1

Case SS1: w = Mx = Nx = Nx<i)=Q (2a)
CaseSS2: w - Mx = u = A^ = 0 I, (2b)
Case SS3: w = Mx = Nx = v = Q * ~ '~R (2c)
CaseSS4: w = Mx = u = v = Q (2d)
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Fig. 1 Notation.

Since the shell is short, one may assume a double trigonometric
expression for the radial displacement w for all the SS cases, and
take the displacement field in the form

(3a)
vn = Cn\Vn(x) + bn sin kpx] sin n(j) (3b)

wn = Cn sin kflx cos nc/) (3c)
where an, bn, Cn are constants and Un(x), Vn(x) are to be regarded
as correction functions depending on the boundary conditions.
Note that wn in Eq. (3c) satisfies the conditions w = Mx — 0 at
x = 0, L/R. The index n emphasizes the dependence upon the
number of circumferential waves n.

Substituting Eqs. (3a-3c) in the first two equilibrium Eqs. (la)
and (Ib) it is found9 that these equations are completely
satisfied if an, bn and Un(x), Vn(x] are properly chosen.14 The
functions Un(x), Vn(x) contain integration constants which are
determined by the requirement that the displacements Eqs. (3a-
3c) should satisfy the boundary conditions Eqs. (2a-2d).

After the displacements, Eqs. (3a-3c), have been determined
up to an arbitrary constant Cn, the Galerkin method (which is,
in this case, equivalent to the Rayleigh-Ritz procedure), is applied
to Eq. (Ic)

4X2p,i WM ̂  V• J = Q (4)

Performing the integration, Eq. (4), an upper bound expression
for p is obtained in the form5

pn = i[zn+(i/zn)]+i>n (5)
where

Zn = [y + (fc/?)2]2/2K2(fc/J)2 (6)
and <!>„ is an expression which depends on the boundary
conditions.

In Eq. (5) the magnitude ̂ [Zn+(l/ZJ] is recognized to be the
expression for pn at the classical boundary condition SS3 (where
of course <$,, = 0). The additional term On may be regarded as a
correction depending on the boundary conditions. In what
follows, compact and quite accurate formulas for the eigenvalues
pn in the range A < 3 will be developed.

Case SS3
This is a well studied case17 and only a short summary will

be given with the present notation.
From Eq. (6) one obtains

where

(7)

(8)

Regarding tn
2 as a continuous variable, the minimum value of

pn in Eq. (5) becomes:

kn

(k=l if A < 7 c ) (9b)
In the second part of the paper the dependence of pn on tn

2 for
vanishing values of tn

2 is needed. Hence, pn is expanded in
powers of tn

2 (remembering that A < 3 and k ̂  1), resulting in

Case SS4
In this case On is given by9

1
(k*\2 2?s)"'' J

2n4

•• \
3_v
—— s
1 + v

symmetric buckling kodd (lla)

tn k sinh2 tM

3-y f

T+v s

antisymmetric buckling /c even

(lib)

The minimum value of pn, given by Eq. (5) is considered first.
A direct evaluation is very difficult due to the complicated
expressions of Eqs. (lla) and (lib). The following procedure is
therefore adopted: for any selection of tn

2 and k, the resulting
pn is an upper bound for the true eigenvalue. Because of the
similarity between the SS3 and SS4 cases,1'5 the same values for
tn

2 and k are chosen to represent the upper bound. Also, from
physical consideration15 the exact eigenvalue for SS3 in Eqs. (9a)
and (9b) is a lower bound for the true eigenvalue in the SS4
boundary condition (SS3 is a weaker condition than SS4). Noting
that the present solution is an upper bound, one may conclude
that the true eigenvalue in the SS4 boundary condition is
bounded from above and below. Using the results of the previous
section one gets

^ (12a)

1 <

- ^ A < 3 (12b)

where <Dn is given by Eqs. (lla) and (1 Ib).
It is easy to see that the contributions of <£„ in Eqs. (12a) and

(12b) are negligible. For A ^ n/2

^fc = i.^ = o)=^y*- d3)l-v2V^ K2

which is much smaller than unity. A similar result is obtained
for n/2 < A < 3. The expressions for (p ) are therefore given

' — SS4 min
with very good accuracy by Eqs. (9a) and (9b).

It is noted that the preceding approximations should not be
confused with those given in Ref. 5 for long shells.

Expansion of <£„ in powers of tn
2 and retention of only first

terms yields
2) symmetric buckling (14a)

|o(tn
2) antisymmetric buckling (14b)n~

2\4 /I2 fl+0(tn
2) symmetric buckling

\-v2\kji) K2
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Comparing Eqs. (14a) and (14b) with Eq. (10), it is seen again
that the contribution of <!>„ is negligible and the power expansion
of pn in the SS4 boundary condition is given almost exactly by
Eq. (10).

Cases SS1-SS2
Here only symmetric buckling needs to be investigated since

the antisymmetric mode yields in these cases much higher values
for the buckling load for short shells.1'16

The results for <Dn are the following:
Case SS1 :

CaseSS2:
1

3.5

A (/C7T/2/1)4 .^wgjn t.,,^

T2 [(/c7i/2/l)2 + tn
2]4' sinh2U + 2U

1 J _^"2 faA)cothtnA +

(15b)

Expansion of <£„ in powers of tn
2 yields for both conditions

$>„ = — (l//l2)(2///c7c)4 + 0(rn
2) (16)

Addition of Eq. (16) to Eq. (10) leads to the expression for pn
Q C f 2 f\

According to the results in Refs. 1 and 16, the minimum
values of pn in the SS1 and SS2 boundary conditions are obtained
for vanishing values of tn

2. In that case, the dominating part in
Eq. (17) is minimized by k = 1 (for /I < 3). Hence an approximate
upper bound for the lowest eigenvalues in the range /I < 3 is given
by

^SSlU = Wmin = i{(^)2 + [1 - (8/7T2)](2A/7r)2} (18)

Naturally the question of the accuracy of expressions (9a, 9b,
and 18) arises. A comparison of Eq. (18) with exact values
obtained by numerical methods,11 shows a very good agreement
in the range A < 3. More details are given in the next section.
The fact that the same result holds for both SS1 and SS2
boundary conditions is due to their physical similarity which is
of the same type as the similarity between the SS3 and SS4
boundary conditions.

3.0

0.5

EXACT NUMERICAL RESULTS [11] Q SS1-SS2
A SS3
O SS4

PRESENT SOLUTION ————
LONG PLATE ————

SS3-SS4 EQ(9o-b)

oAoY)AA

SS1-SS2 EQ(!8)

Dm ll i i

i
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Fig. 2 Buckling of short shells under uniform axial compression!

been pointed out by Fliigge18 for case SS3. A numerical solution
for the other possibilities of the simply supported boundary
conditions is given in Ref. 12 and again the long plate
behavior is reached for short shells. The same conclusion has
been obtained numerically also by Ohira10 who used his own
differential equations and a specific type of simply supported
boundary conditions not included in the category SS1-SS4.

The behavior of short shells has recently become rather
controversial. Koiter19 was the first to suggest that for short
simply supported shells the critical load is bounded from above
by

Koiter obtained this result by applying the Rayleigh-Ritz method
to his own energy functional. In a later work Simmonds and
Danielson20 solved the equations developed by them in Ref'. 21
and got, for a special relaxed simply supported boundary
condition, that p -»0 as A -> 0. Their asymptotic solution is

Discussion of Results
Figure 2 describes the dependence of pmin on A according to

Eqs. (9a, 9b, and 18). Also are shown the exact numerical values
obtained in Ref. 11. While the agreement between the two
solutions in the SS3 and SS4 boundary conditions is expected
[Eqs. (9a) and (9b) are the exact solution for case SS3 which is
similar to case SS4], it is remarkable that Eq. (18) agrees very
well with the numerical results of SS1 and SS2 in the range

Thus, Eqs. (9a, 9b, and 18) can be used to calculate the
buckling load of short shells under axial compression with
boundary conditions SS3-SS4 and SS1-SS2, respectively.

As X -> 0 the results for all boundary conditions coincide with
the critical stress of a long simply supported plate under axial
compression. The critical stress of a long plate (with length b and
width a) is given by Ref. 17

rr2n /s, k\ 2

(19)

Taking a = L, b = 2nR and dividing Eq. (19) by the classical
buckling stress (ax)c = E/K2 yields

Equation (20) is shown in Fig. 2.
The fact that long plate behavior (which is essentially a short

column behavior) is approached by short shells, has already

[For case SS3, however, a solution of the type (20) is given in
Ref. 21.] A similar result,22 has been obtained by solving exactly
the differential equations derived from Koiter's modified energy
functional.23

These results are of course in complete contrast with those
obtained from Donnell's Eqs. (9a, 9b, and 18). A physical model
of the special buckling mode associated with Eq. (22) has been
offered in Ref. 20. This model is reconsidered in the Appendix
of the present work and it is shown that if this buckling mode
is to occur then the external compressive forces must be "glued"
to the boundary—a situation which is not likely to appear in
practice. See also in this respect Mangelsdorf s original study, a
synopsis of which appears in Ref. 22.

Part II. Nonuniform Compression

Method of Solution
The formulation of the buckling problem under nonuniforrn

axial compression remains unchanged except for the radial
equilibrium equation, Eq. (Ic), which takes the form

V4w+12 -
, h

1
~srt + spcosp<t) )wtXX = 0 (23)
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NUMERICAL RESULTS FROM [8]
FOR PURE BENDING

o R/h = 100
• 200
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A 1000

present bounds ——

upper bound<

'lower bound

Fig. 3 Bounds for the buckling load under nonuniform compression,
case SS3.

where the sp are the Fourier coefficients of the series representa-
tion of the prebuckling axial stress resultant Nxo

Eh (\ °°

Here pNU is the eigenvalue for nonuniform compression.
It is assumed without loss of generality that

k+ I>p = l (25)z
 P =i

Special cases of Eq. (24) are uniform compression (s0 = 2,
Sp = 0, p 7^ 0) already discussed in Pt. I, and pure bending
(Sl = 1, Sp = 0, p ̂  1).

In order to solve Eqs. (la, Ib, and 23) the displacements are
represented as an infinite series of the approximate solutions
obtained in the case of uniform compression

u = I,un= I Cn\VH(x) + an cos fcjfoc] cos

] sin «<£

(26a)

(26b)

(26c)

Here an, bn and (7n(x), J^(x) are the same as before, see
Eqs. (3a) and (3b), and the Cn are arbitrary constants.

The first two equilibrium equations, Eqs. (la) and (Ib), as well
as the boundary conditions, are satisfied by Eqs. (26a-26c) and
it remains to consider the third equation, Eq. (23). Applying the
Galerkin method on this equation one obtains as a condition for
a nontrivial solution the equation

Jo Jo Lv4w"+12W(w" vUn'x Vn«
WHW4K2p*(^(

m,n = 0, 1,... (27)
where the exact eigenvalue pNU is replaced by p* (obviously
P* ̂  PNU)

Performing the integration and using Eq. (4), which is an
identity for wn, yields

where d^ is the Kronecker delta (with 300 = 2) and omn is the
stress distribution matrix

vmn = ̂ (s\m_n\ + sm+n) (29)
The pn are the approximate eigenvalues for the uniform com-
pression case given by Eq. (5).

Thus, an upper bound for the critical load under nonuniform

axial compression pNU is given by the lowest p* (largest 1/p*)
satisfying Eq. (28).

This method of solution is an approximate version of a more
general method suggested in Ref. 24. According to that method
the displacements during buckling under nonuniform axial com-
pression are described as a linear combination of the buckling
modes obtained for uniform axial compression, i.e., the exact
solutions of Eqs. (la-lc). Although Eqs. (3a-3c) are not the exact
solutions, they approach the exact solutions for short shells and,
as justified by Fig. 2, are very accurate for A < 3. In case SS3
the solution is exact.

Solution of Eq. (28) for Very Thin Shells
As the shell becomes very thin (h/R) -> 0, and one may neglect

the terms of 0(tw
2) in Eqs. (10) and (17), leaving the expression

for pn independent of n
( , l[fkn\2 /2AV1
(Pn)ss3-ss4 * ̂  Uy I + 7 T = Pss3-ss4 (30a)

-12 id = Pssi-ss2 (30b)

Equation (28) is therefore reduced to the equation
|i(S|m-n| + 5m + «)~(V/^)^mn| = 0 m, H = 0, 1, . . . (31)

where n stands for the ratio
li = p*/p (32)

and p is given by Eqs. (30a) and (30b).
It can be shown,24 that an upper bound for /z, of Eq. (31) is

/^l (33)
hence

p* ̂  p (34)
In addition, it is known25 from the Courant maximum-minimum
principle26 that a lower bound for pNU is pmin, the exact eigen-
value for uniform compression, Eqs. (la-lc). Using the previous
results, the lower bound can be replaced, for short shells, by
Eqs. (9a, 9b, and 18). Minimizing the upper bound p with respect
to k the following is finally obtained:

f2X\2~~

^ < A < 3, 1
= (PNu)sS3-SS4 ^

-I +(-
7T (2)1/2 = '

8 V2A21
——2 I —— I \ = (PNu)sSl-SS2 ̂

(35a)

(35b)

(36)

Hence for very thin short shells, the critical stress in cases
SS1-SS2, and cases SS3-SS4 (the latter for /i ̂  n/2 only) is almost
independent of the load distribution. In cases SS3-SS4 for
n/2 <; A < 3 the critical stress for nonuniform load distribution
is bounded between two close quantities. It is the author's opinion
that the true eigenvalue is closer to the upper bound. This opinion
is supported by two facts: a) the upper bound has been obtained
as an eigenvalue of an infinite matrix; b) numerical results in case
SS3 for bending (Table 1 in Ref. 8) are very close to the upper
bound, Fig. 3. Note that the ratio (pNu)ss3-ss4/(PNu)ssi-ss2 can
reach the value of ~3[A « 7r/(2)1/2] while for the usual shells it is
approximately 2.

Conclusions
Closed form expressions, Eqs. (9a, 9b, and 18), for the buckling

loads, of short (A < 3) circular cylindrical shells, under uniform
axial compression and the four possibilities of simple support,
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have been developed. Their accuracy is demonstrated in Fig. 2.
The short plate behaviour is reached as /I -> 0.

Closed form bounds, Eqs. (35a, 35b, and 36), are given for the
buckling loads, of short shells, under nonuniform axial com-
pression, in the limiting case h/R -> 0. The two bounds coincide
in cases SS1-SS2, and in cases SS3-SS4 (for X < n/2), with the
corresponding buckling loads under uniform axial compression.
It appears, Fig. 3, that the results are valid also for finite
thickness and that the upper bound in cases SS3-SS4, for
n/2 < X < 3, is more reliable. Numerical work is under process
to verify this point.

Appendix : Simple Models for External Load Variations
at Buckling

A thin plate-like structure (which may also be curved out of
plane to form a cylinder) is subjected along its boundaries,
X = ± L/2, to a compressive force system P acting in the X
direction (Fig. 4). Along the boundaries Y = 0 ; b the conditions
of the plate are v* = rxy = 0. The stability of the structure is to
be investigated under these conditions.

For this purpose, incremental displacements u*, v* (compatible
with the geometrical restraints) are superposed on the loaded
state in the following form :

u* = -f(Y)
v* = Xf = Xy y(Y = 0) - y(Y = b) = 0

where y =f and the prime denotes differentiation with respect
to Y. In this state of deformation, elements which are initially
oriented in the X direction neither change their length nor
distort but are rotated through an angle y. Calculation of the
incremental strains yields

Hence, the incremental elastic potential for this state of deforma-
tion becomes :

A C / = - (Y)2dY

In calculating the corresponding (quadratic in the displacements)
incremental work of the external forces, the manner by which
these forces change during the incremental deformations has to
be specified. These terms are usually of secondary importance
but may become the only terms left when special states of
deformation are postulated such that the (usually) major terms
drop out.

Two particular variations in the external force behavior are
studied here:

Case a—"Donnell-type" behavior: The stress intensity on
horizontal planes (AcrJ does not change during the incremental
deformations. It is convenient to sum the incremental work along

JRM

_l|CX
i

J 1 I I 4 1 1 i 1

T f ! f f f ? t 1
P

— ... b

n vv 3*
Ju

^<*

Vds
CASE b

----L=^ —— ,

i

1

-ds

sds

CASE a

CASE a : DONNELL TYPE BEHAVIOUR
CASE b :"KOITER TYPE" BEHAVIOUR

Fig. 4 Models for the behavior of short shells.

strips parallel to the X direction (see Fig. 4) and it is easy to see
that no additional work is done. For Donnell-type behavior
the structure is therefore stable under this particular incremental
displacement mode.

Case b—"Koiter-type" behavior: The external loads on
material elements do not change, (o^ + Ao-J dS^ = axdS. In this
case the loads remain "glued" to the structure so that the
incremental stresses are proportional to the boundary strains
V

&rx = (P/h)ey(X=±L/2)
It is convenient, in this case, to sum the external work only
along material lines. Each pair of elementary loads does work
of magnitude

d(AW) = L(l-cosy)PdY^(PL/2)y2dY
The incremental potential of the external loads is therefore

PL f b

AF= ~ &W= - — — y2dY
^ Jo

For stability, the total incremental potential is equated to zero,
leading to

P * _-t cr —
EhL2 dY

12 y2dY

For any assumed y (compatible with boundary restraints), the
resulting Pcr* is an upper bound to the true critical force.

In the special case of the cylindrical shell, taking

y — A sin ncj)
The resulting critical load is :

Pc* = (Eh/l2)(nL/R)2

(tfcr)nun = (V/>) (/VUn = (E/12) (L/R)2

It thus appears that instability is a property of the "glued"
system of loads, and the critical stress approaches zero as
(L/R) -> 0.

Similar results may apparently be obtained by introducing
additional cases of variation in external load application as long
as these are conservative and requirements of over-all equilibrium
are met. The question arises as to the practical significance of
the special load variations. For example, in the result obtained
above (for n = 1), the resultant of the applied forces shifts away
from the center of the cylinder by an amount of AL/4 during
the incremental deformation. This behavior does not correspond,
in the opinion of the authors, to a practical structure or
laboratory experiment since in these cases the loads remain
coaxial during the buckling process.
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Inelastic Buckling of a Deep Spherical Shell Subject to
External Pressure

N. C. HUANG* AND G. FUNK|
University ofNotre Dame, Noire Dame, Ind.

This paper is concerned with the investigation of the inelastic buckling of a deep spherical shell subject to a
uniformly distributed external pressure. The geometry of the shell is considered to be axisymmetrical while the
shell thickness may vary as a function of the polar angle. The edge of the shell is supported elastically. The
material of the shell is assumed to satisfy the generalized Ramberg-Osgood stress-strain relations and a power
law of steady creep. The analysis is based on Sanders' nonlinear theory of thin shells expressed in an incremental
form and Hill's theory of inelastic bifurcation. Computations are carried out by a numerical iterative procedure
associated with a finite difference method. Solutions are sought for both the axisymmetrical inelastic buckling and
the asymmetrical bifurcation.

1. Introduction

IN recent years, new developments in deep ocean exploration
demand further refinement and sophistication in the design

of submersibles. An important problem encountered in the
design of submerged hulls is the selection of a suitable material
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with high-strength and low-density properties. In view of the
nature of the material available and because of the limitations on
structural weight, it is necessary that an accurate stress analysis
of the hull and a reliable prediction of the collapse load be
established.

When the submerged depth is large, the configuration of the
hull is usually spherical. The spherical shell can provide a good
structural layout from the viewpoint of stress analysis. Further-
more, it has the advantage of low drag during the motion of the
hull. ONR's vehicle ALVIN is a typical example of the spherical
hull. For this type of pressure hull, when it is submerged to a
large depth, the deformation of the hull may become finite and
the state of stress in the hull may reach the inelastic range. In a
critical condition, structural failure may occur as a result of
inelastic buckling.

Since Shanley first introduced the concept of inelastic bi-
furcation of a column under increasing axial compressive load,1


